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We show that testing if an undirected graph contains a bridgeless spanning cactus is NP-
hard. As a consequence, the minimum spanning cactus problem (MSCP) on an undirected
graph with 0–1 edge weights is NP-hard. For any subgraph S of Kn, we give polynomially
testable necessary and sufficient conditions for S to be extendable to a cactus in Kn and the
weighted version of this problem is shown to be NP-hard. A spanning tree is shown to be
extendable to a cactus in Kn if and only if it has at least one node of even degree. When S is
a spanning tree, we show that the weighted version can also be solved in polynomial time.
Further, we give an O(n3) algorithm for computing a minimum cost spanning tree with at
least one vertex of even degree on a graph on n nodes. Finally, we show that for a complete
graphwith edge-costs satisfying the triangle inequality, theMSCP is equivalent to a general
class of optimization problems that properly includes the traveling salesman problem and
they all have the same approximation hardness.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
An undirected graph H is a cactus if and only if it is connected and each of its edges is contained in exactly one cycle.
Given an undirected graph G = (N, E), the spanning cactus existence problem (SCEP) is to determine if G contains a spanning
cactus. Let ce be a prescribed non-negative cost of each edge e ∈ E. Then the optimization version of the SCEP, called the
minimum spanning cactus problem (MSCP), is to find a spanning cactus H = (N, EH) in G (i.e. a spanning subgraph of Gwhich
is a cactus) such that

e∈EH ce is as small as possible. The primary focus of this paper is to study these two problems and
related issues, including extending a given subgraph into a spanning cactus by adding new edges.
It may be noted that in our definition of a cactus, we require it to be connected and restrict that each of its edges is
contained in exactly one cycle. We call a graph a partial cactus if and only if each of its edges is contained in at most one cycle.
Thus, a cactus is a connected, bridgeless partial cactus. Some authors define as cactus what we call a connected, partial cactus.
However, with this definition, the MSCP and the SCEP are trivial. The motivation for this work comes from [20], where the
directed versions of the MSCP and SCEP are addressed. More precisely, it is shown in [20] that the directed version of the
SCEP is an NP-complete problem and when the edge-costs satisfy triangle inequality, the directed versions of the MSCP
and the asymmetric traveling salesman problem on the same digraph are equivalent and have the same approximation
hardness. The NP-completeness of the directed version of the SCEP does not immediately imply that the undirected version
of the SCEP is NP-complete. Thus the undirected version of the SCEP and the related MSCP are interesting and relevant
problems that require further investigation. Moreover, cactus structures are used in genome comparisons [21], traffic
estimation [18,25], representing cuts of a graph [7–9]. Many NP-hard optimization problems are solvable in polynomial
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time on a cactus graph [4–6,12,16,19,24]. A heuristic solutions of the MSCP can be used develop VLSN search algorithms [1]
for such problems on general graphs by exploiting the polynomial solvability on cactus graphs that are identified by anMSCP
heuristic algorithm.
Given an undirected graph, there exist polynomial schemes to test if it contains a spanning tree, a perfect matching
etc. [17], whereas testing for structures such as Hamiltonian cycles [11,13,14], Eulerian spanning subgraphs [23,22], and
spanning Halin subgraphs [15] are NP-complete problems. In this paper we observe that the SCEP is NP-complete. This
implies that theMSCP isNP-hard for 0–1 edge-costs. A partial cactusH = (N, EH) inG = (N, E) is said to be cactus-extendable
in G if there exists S ⊆ E such that H¯ = (N, EH ∪ S) is a spanning cactus in G. We give necessary and sufficient conditions for
a partial cactus to be cactus-extendable in Kn. NP-hardness of the MSCP implies that the problem of finding a minimum cost
cactus extension of a given partial cactus in Kn is also an NP-hard problem. However, we give a polynomial time algorithm
to compute a minimum cost cactus extension of a spanning tree in Kn. As a related problem, we show that testing if a graph
contains a spanning tree where all vertices are of odd degree is NP-hard. Likewise, testing if a graph contains a spanning
tree where all non-pendant vertices are of even degree is also NP-hard. However, computing a minimum cost spanning tree
containing at least one even degree node is observed to be polynomially bounded. Finally, we consider the case when the
edge-costs satisfy triangle inequality. In this case, we show that the MSCP is equivalent to a class of optimization problems
that properly includes the TSP and they all have the same approximation hardness. This extends a result of Palbom [20].
Throughout the paper, we use the following notations. For any graph G = (N, E) with edge costs {ce : e ∈ E}, and any
S ⊆ E, c(S) =e∈S ce. For convenience, we sometimes denote c(E) by c(G) and we sometimes use the notations V (G) and
E(G), respectively, for the node set N and the edge set E of G. For graphs Gi = (Ni, Ei), i = 1, 2, . . . , kwe sometimes denote
the graph G = (∪ki=1 Ni,∪ki=1 Ei) by ∪ki=1 Gi.
2. Computational complexity of the SCEP and the MSCP
Let us first consider the SCEP, i.e. given an undirected graph G, determine if it contains a spanning cactus.
Theorem 1. The SCEP is NP-complete.
Proof. It is easy to verify that spanning cactuses of a cubic graph G are precisely Hamiltonian cycles of G. The proof now
follows from the fact that the Hamiltonian cycle problem on a cubic graph is NP-complete [10]. 
Corollary 2. The MSCP is NP-hard on a complete graph with 0–1 edge-costs.
A strongly connected directed graphwhere each edge is contained in exactly one directed cycle is called a directed cactus.
Palbom [20] showed that testing if a directed graph contains a spanning cactus (i.e. SCEP on a directed graph) is NP-complete
using a fairly complex reduction scheme from one-in-three 3SAT. We now give a very simple proof for this result. Although
it doesn’t change the fundamentals underlying the result, it is given here for completeness. Note that a directed spanning
cactus is an Eulerian graph.
Theorem 3. The SCEP on a directed graph is NP-complete.
Proof. We reduce the Hamiltonian cycle problem on a directed graph G to the SCEP on a directed graph D. Let G = (N, E)
be a directed graph and we want to check if it is Hamiltonian. We construct a directed graph D from G as follows. For each
node i of G there are two nodes i1, i2 in D. If (i, j) is an arc in G we have a corresponding arc (i2, j1) in D. Also, for each
node i ∈ N , introduce an arc (i1, i2) in D. Thus for each node of D, either the in-degree is one or the out-degree is one.
Suppose D has a spanning cactus H . Since H is Eulerian, the in-degree must be the same as the out-degree for each node.
Thus the in-degree must be one and the out degree must be one for each node of H . Also, H is strongly connected. This is
possible only if H is a Hamiltonian cycle in D. Further H must contain all arcs of the type (i1, i2). By contracting these arcs
in H , we get a Hamiltonian cycle in G. Conversely, given a Hamiltonian cycle in G, we can easily construct a corresponding
Hamiltonian cycle in Dwhich is a directed cactus in D. The proof now follows from the NP-completeness of the Hamiltonian
cycle problem. 
3. Partial cactus extension
Let us now consider the question of extending a given spanning subgraphH ofG into a cactus inG. We say that a spanning
subgraph H = (N, EH) of a graph G = (N, E) is cactus-extendable in G if there exists S ⊆ E such that H ′ = (N, EH ∪ S) is a
cactus. In this case, we say that H ′ is a cactus extension of H . An obvious necessary condition for H to be cactus-extendable
is that H must be a spanning partial cactus. (Recall that a graph H is a partial cactus if and only if every edge in H lies on at
most one cycle.) This condition however is not sufficient. For example in Fig. 1 we give a spanning partial cactus H in K10
that is not cactus-extendable.
Before discussing ourmain results on cactus extension, let us introduce some additional terminology and notations. Let T
be a tree.We call a node h of T a head node of T if the degree of h is at least three and there exists at themost one component
of the forest T − {h}which is not a path or an isolated node. It is easy to see that a tree has no head node if and only if it is a
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Fig. 1. A graph H which is a partial spanning cactus of K10 but not extendable.
Fig. 2. A tree with two head nodes.
Fig. 3. A quasi-star.
path. Also, a tree T has exactly one head node h if and only if h is its only node of degree at least three and each component
of the forest T −{h} is either a path or an isolated node. Such a tree is homeomorphic to a star and we call it a quasi-star. Let
T be a tree with at least two head nodes and let h be one of its head nodes. We call the unique component T 0h of the forest
T − {h} which is neither a path nor an isolated node the body of T at h. The unique edge connecting the body of T at h and
the head node h is called the neck at h. Note that T − T 0h is a path or a quasi-star and we call it the tentacle system of T at
h. The unique path in T from h to a pendant node of its tentacle system at h is called a tentacle at h. The pendant node of a
tentacle is called the tip of the tentacle. (See Figs. 2 and 3.)
Theorem 4. A tree T = (N, ET ) is cactus-extendable in Kn if and only if it has at least one node of even degree.
Proof. We prove the result by induction on n. For n ≤ 4 the result can be easily verified. Suppose the result is true for all
n ≤ k for some k ≥ 4 and we will prove that it is true for n = k+ 1. Let T be a tree on node set N¯ = {1, 2, . . . , k+ 1}with
edge set E¯T .
Suppose all nodes of T are of odd degree. Since k + 1 > 4, T is not a path. Let h be a head node of T . If T is a quasi-
star, then it must be a star with center h which has an odd degree. It is easy to verify that in this case T is not cactus-
extendable in Kn. Else, the body of T at h exists and all tentacles of T at h are edges and there are an even number of them.
Let Nh = {i1, i2, . . . , iℓ} be the tip nodes of the tentacles at h. Note that ℓ is even and it is easy to see that every cactus
extension of T , (if one exists), must contain edges that form a perfect matching on the node set Nh. Choose one such edge
set, say S ′ = {(i1, i2), (i3, i4), . . . , (iℓ−1, iℓ)}. Delete nodes i1, i2, . . . , iℓ from T to get a tree T ′ = (N ′, E ′)where N ′ = N¯−Nh.
It is easy to see that every node in T ′ has an odd degree. Also, (N ′, E ′ ∪ S ′′) is a cactus if and only if (N¯, ET ∪ S ′ ∪ S ′′) is a
cactus. But |N ′| = k+ 1− ℓ = n′ < k and hence by induction hypothesis, T ′ is not cactus-extendable in the complete graph
on node set N ′. Hence T is not cactus-extendable in Kn.
Suppose T has at least one node of even degree. If T is a path, then by joining its two pendant nodes we get a cactus.
Otherwise, there exists a head node h of T . Let T 1, T 2, . . . , T ℓ be its tentacles at h. Then ℓ ≥ 2.
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If two of the tentacles, say T 1 and T 2, are edges with tip nodes i1 and i2, respectively, then delete nodes i1, i2 from T to
get a tree T ′ = (N ′, E ′). Then every node of even degree in T also has an even degree in T ′; and |N ′| = k − 1. Hence, by
induction hypothesis, there exists a cactus extension (N ′, E ′∪ S ′) of T ′. It is easy to see that (N¯, ET ∪ S ′∪{(i1, i2)}) is a cactus
extension of T .
If at least two of the tentacles T 1, T 2, . . . , T ℓ are not edges, then choose one such tentacle T j = h − j1 − j2 − · · · − jp.
Delete nodes j1, j2, . . . , jp from T to get a tree T ′ = (N ′, E ′). Then T ′ has at least one node of even degree and |N ′| < k.
Hence, by induction hypothesis, there exists a cactus extension (N ′, E ′ ∪ S ′) of T ′. It is easy to see that (N¯, ET ∪ S ′ ∪ {(h, jp)})
is a cactus extension of T .
If none of the above two cases holds, then ℓ = 2 and one of the tentacles is a path which is not an edge and the other is
an edge. Suppose T 1 = h− j1 − j2 − · · · − jp, with p > 1. Delete nodes j1, j2, . . . , jp from T to get a tree T ′ = (N ′, E ′). Then
node h has an even degree in T ′ and |N ′| < k. Hence, by induction hypothesis, there exists a cactus extension (N ′, E ′ ∪ S ′) of
T ′. Again, it is easy to see that (N¯, ET ∪ S ′ ∪ {(h, jp)}) is a cactus expansion of T . This completes the proof. 
We now generalize Theorem 4 by giving a characterization of cactus-extendable spanning subgraphs that are not
necessarily spanning trees or connected graphs. Let H be a partial cactus, (which is not a cactus), on node set N =
{1, 2, . . . , n} with connected components H1,H2, . . . ,Hk. Without loss of generality assume that none of the H i is an
isolated vertex. Further we assume that n > 1. Delete from H all the edges that are part of a cycle to get subtrees
T i1, T i2, . . . , T iji in H i for i = 1, 2, . . . , k. Note that some of the subtrees may be isolated nodes and we consider them
as non-odd degree subtrees. Letmi, called the odd subtree index of H i, be the number of odd degree subtrees in the collection
{T i1, T i2, . . . , T iji}. For convenience, we assume without loss of generality thatm1 ≥ m2 ≥ · · · ≥ mk. Let ℓ = |{i : mi > 0}|.
We call ℓ the odd subtree rank of H . It is easy to see that in any cactus extension of H , each additional edge either joins two
nodes in the same subtree T ij or it joins two nodes in subtrees T i1j1 and T i2j2 with i1 ≠ i2.
Theorem 5. If ℓ = 0 and k ≠ 2 then H is cactus-extendable in Kn. If ℓ = 0 and k = 2, then H is cactus-extendable in Kn
if and only if there exists at least one T ij that is not an isolated node. If ℓ > 0 then H is cactus-extendable in Kn if and only ifk
i=1 mi ≤ k+ ℓ− 2.
Proof. We prove the result by induction on k. Let us first consider the case k = 1. In this case, each additional edge in any
cactus extension of H , (if one exists), must join two nodes in the same subtree T 1j of H . Hence H is cactus-extendable in Kn
if and only if each subtree T 1j that is not an isolated node is cactus-extendable in a complete graph on the corresponding
node set. The result now follows from Theorem 4.
Suppose the result is true for all k ≤ p for some p ≥ 1. We now prove the result for k = p+ 1.
Case 1: ℓ = 0, k = 2: In this case, m1 = 0. Suppose all the subtrees are isolated nodes. Then each of H1 and H2 is a cactus.
Since every cactus is an Eulerian graph, any cactus extension H¯ ofH must contain two distinct edges (i1, j1), (i1, j2) for some
node i1 in H1 and nodes j1, j2 in H2. But then H¯ has a cycle i1 − j1 − P − j2 − i1 where P is a path between j1 and j2 in H2.
Every edge on the path P thus lies on two cycles in H¯ . Hence, H is not cactus-extendable.
Suppose T 1j is not an isolated node for some j. Then, sincem1 = 0, T 1j has an even degree node, say u. Choose some node
v in T 1j other than u; choose a node z from some tree T 2q inH2 and add edge (v, z) toH . The resulting graph H¯ is a connected
partial cactus in which subtrees T 1j and T 2q are combined into a subtree Tˆ and node u has an even degree in Tˆ . The result
now follows from the case k = 1.
Case 2: ℓ = 0, k > 2: For each i ∈ {1, 2, . . . , k}, arbitrarily choose a subtree T iqi and a node ui from this subtree. Add to H
edges {(ui, ui+1) : i = 1, 2, . . . , k−1} to get a graph H¯ . It is easy to see that H¯ is a connected partial cactus in which subtrees
{T iqi : i = 1, 2, . . . , k} are combined into one subtree T¯ . Since k > 2, T¯ contains at least one even degree node. The result
now follows from the case k = 1.
Case 3: ℓ > 0 and
k
i=1 mi ≤ k+ ℓ− 2. Arbitrarily choose an odd subtree T 1j and a node u in T 1j. If ℓ > 1, then arbitrarily
choose an odd subtree T 2q and a node v in T 2q. If ℓ = 1, v is selected as an arbitrary node in H2. Add edge (u, v) to H to get
a partial cactus H¯ . Let T¯ = T 1j ∪ T 2q ∪ {(u, v)}. Node u has even degree in the tree T¯ . Let H¯1, H¯2, . . . , H¯ k¯ be the connected
components of H¯ with H¯1 containing edge (u, v). Then k¯ = k − 1 = p. Let ℓ¯ be the odd subtree rank of H¯ and m¯i be
the odd subtree index of the ith connected component of H¯ , for i = 1, 2, . . . , k¯. (Note that m¯i’s are not necessarily in the
non-increasing order.)
Subcase 3a: ℓ = 1: In this case, m¯1 = m1 − 1. If m¯1 > 0, then ℓ¯ = 1 and m¯1 = m1 − 1 ≤ k + ℓ − 3 = k¯ + ℓ¯ − 2; and the
result follows by induction hypothesis. If m¯1 = 0, then ℓ¯ = 0. Since the subtree T¯ in H¯ is not an isolated node, the result
again follows by induction hypothesis.
Subcase 3b: ℓ > 1, ℓ¯ = ℓ−1: Since node u has even degree in the new tree T¯ ,k¯i=1 m¯i =ki=1 mi−2 ≤ k+ℓ−4 = k¯+ℓ¯−2
and the result follows by induction hypothesis.
Subcase 3c: ℓ > 1, ℓ¯ = ℓ − 2: In this case m1 = m2 = 1, m¯1 = 0, and all other mi’s and m¯i’s are zero or 1. If k = 2 then
k¯ = 1 and the result follows from the base case. If k > 2 then k¯ ≥ 2. Nowk¯i=1 m¯i = ℓ¯ ≤ k¯+ ℓ¯− 2.
Case 4: ℓ > 0 and
k
i=1 mi > k + ℓ − 2. In this case, m1 > 1. Arbitrarily choose an odd subtree T 1j. By Theorem 4, any
cactus extension of H must contain a new edge (u, v) for some node u in T 1j and node v in T is for some i > 1. Let H¯ be the
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partial cactus obtained by adding the edge (u, v) to H . Let T¯ = T 1j ∪ T is ∪ {(u, v)}. Node u has even degree in the tree T¯ . Let
H¯1, H¯2, . . . , H¯ k¯ be the connected components of H¯ with H¯1 containing edge (u, v). Then k¯ = k − 1 = p. Let ℓ¯ be the odd
subtree rank of H¯ and m¯i be the odd subtree index of the ith connected component of H¯ , for i = 1, 2, . . . , k¯. As in Case 3, m¯i’s
are not necessarily in the non-increasing order.
Subcase 4a: ℓ = 1: In this case, m¯1 = m1 − 1 ≥ 1, and hence, ℓ¯ = 1. So, m¯1 = m1 − 1 > k+ ℓ− 3 = k¯+ ℓ¯− 2. The result
now follows by induction hypothesis.
Subcase 4b: ℓ > 1: Sincem1 > 1, ℓ¯ ≥ ℓ− 1. If ℓ¯ = ℓ− 1,k¯i=1 m¯i ≥ki=1 mi − 2 > k+ ℓ− 4 = k¯+ ℓ¯− 2. If ℓ¯ = ℓ, thenk¯
i=1 m¯i =
k
i=1 mi − 1 > k+ ℓ− 3 = k¯+ ℓ¯− 2. Again, the result follows by induction hypothesis. 
Theorems 4 and 5 raise the following interesting question. Given a graph G = (N, E)with edge-cost ce for each e ∈ E and
a partial cactus H = (N, EH) in G, find an edge set S ⊆ E − EH such that H¯ = (N, EH ∪ S) is a cactus and c(S) is minimum.
We refer to this as the minimum cactus extension problem (MCEP). It follows from Theorem 1 that this problem is NP-hard
in general. We show below that if H is a spanning tree T = (N, ET ) then the problem can be solved in strongly polynomial
time. Without loss of generality, let us assume that G is a complete graph Kn on node set N . (Else, we add all the missing
edges and assign them a large costM .) Also, in light of Theorem 4, we assume that T has at least one node of even degree.
LetPa,b = Pb,a = a− u1−· · ·− up− b be a path joining nodes a to b in Kn. Amonotone path with respect toPa,b is a path
in Kn joining nodes a and b of the formΠa,b = a−uπ1 −· · ·−uπk − b, where 2 < πi+1 < πi+1 < p for i = 1, 2, . . . , k−1.
Given a pathPa,b, a minimum cost monotone path with respect toPa,b can be identified in O(p2) time by solving a shortest
path problem on an appropriate acyclic directed graph on p + 2 nodes [2]. Note that minimum cost monotone paths with
respect to Pa,b and Pb,a are identical. For any tree T and nodes i and j of T , we denote the unique path in T joining i and j
by αT (i, j). A minimum cost monotone path with respect to αT (i, j) is denoted by βT (i, j). If (i, j) is an edge of T , then βT (i, j)
is the null path and in this case c(βT (i, j)) is taken as infinity. If αT (i, j) is not an edge, βT (i, j) always exists and therefore,
c(βT (i, j)) takes a finite value.
Lemma 6. The MCEP on a Hamiltonian path T in Kn can be solved in O(n2) time.
Proof. Let a and b be the end nodes of T . Then H¯ = T ∪ βT (a, b) is the required cactus. Since βT (a, b) can be identified in
O(n2) time, the result follows. 
Suppose the spanning tree T = (N, ET ) is a star with center n and pendant vertices 1, 2, . . . , n − 1. If n is even, then
degree of node n is odd and hence by Theorem 4, T is not cactus-extendable. Thus we assume that n is odd. Consider the
complete graph Kn−1 = Kn−{n}. LetM∗ be aminimum cost perfectmatching in Kn−1. Then H¯ = (N, ET ∪M∗) is the required
cactus extension. SinceM∗ can be identified in O(n3) time [17], we have the following.
Lemma 7. If T is a star then the MCEP can be solved in O(n3) time.
Suppose T = (N, ET ) is not a star but a quasi-star. Let S = {1, 2, . . . , p} be the set of all pendant nodes of T and let h be
its unique head node. For each pair i, j ∈ S, i ≠ j compute βT (i, j) and c(βT (i, j)). Let Q be the complete graph on node set S
and assign to each edge (i, j) in Q a cost of c(βT (i, j)). If p is even, then letM∗ be a minimum cost perfect matching in Q . We
will show that H¯ = T ∪ {∪(i,j)∈M∗ βT (i, j)} is the required minimum cost cactus extension of T . If p is odd, then every cactus
extension of T must contain amonotone pathwith respect to a tentacle at hwhich is not an edge. Hence, add node h toQ and
connect to it each node j ∈ S representing the tip of a tentacle which is not an edge. Let the cost of this edge be c(βT (j, h)).
LetM∗ be a minimum cost perfect matching in the resultant graph Q . We will show that H¯ = T ∪ {∪(u,v)∈M∗ βT (u, v)}is the
required minimum cost cactus extension of T .
Lemma 8. If T is a quasi-star which is not a star, then the MCEP can be solved in O(n4) time.
Proof. We show that the graph H¯ = T ∪ {∪(u,v)∈M∗ βT (u, v)} obtained using the construction above is indeed a minimum
cost cactus extension of T . SinceM∗ is a perfectmatching inQ and each βT (u, v) is amonotone pathwith respect toαT (u, v),
it is not difficult to verify that H¯ is a cactus. Let R∗ = {∪(u,v)∈M∗ βT (u, v)} and R0 be a subgraph of Kn such that H ′ = T ∪ R0
is an optimal cactus extension of T . Then
c(R0) ≤ c(R∗). (1)
Using R0 we now construct a perfect matching M0 in Q . Let M0 = ∅. If R0 contains an edge (u, v), where u and v are
nodes of different tentacles (excluding node h) match the tip nodes of these tentacles, add this matching edge to M0 and
discard the corresponding tentacles. Repeat this process until no such matching edge can be found. All the remaining
tentacles must be non-edges. Let u1, u2, . . . , uk be the tip nodes of these tentacles. For each such tip node ui, the edges
of R0 define amonotone pathPuih with respect to αT (ui, h)with cost c(Puih) ≥ c(βT (ui, h)). Further, for any two such nodes
ui, uj, c(Puih) + c(Pujh) ≥ c(βT (ui, h)) + c(βT (uj, h)) ≥ c(βT (ui, uj)). Thus we can match these tip nodes arbitrarily. For
definiteness, if k is even, then we chose the matching, (u1, u2), (u3, u4), . . . , (uk−1, uk) and if k is odd, then we choose the
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matching (u1, u2), (u3, u4), . . . , (uk−2, uk−1) and (uk, h); and we add these matching edges toM0. It can be verified thatM0
is a perfect matching in Q . Further, optimality ofM∗ implies
c(R∗) ≤ c(R0). (2)
The optimality of H¯ now follows from (1) and (2).
Note that the graphQ hasO(n2) edges and the cost c(βT (u, v)) of each edge (u, v) ofQ can be computed inO(n2) time [2].
Thus Q and its edge costs can be obtained in O(n4) time. A minimum cost perfect matching on Q can be identified in O(n3)
time. Thus the overall complexity of solving the MCEP on a quasi-star, which is not a star, is O(n4). This completes the
proof. 
If T = (N, E) is neither a path nor a quasi-star, it contains at least two head nodes. Let h be a head node of T and
S = {1, 2, . . . , p} be the set of tip nodes of the tentacles at h. We now discuss various reduction operations that construct
an equivalent problem while reducing the number of head nodes in the associated tree.
Type I reduction: This simple reduction applies when the tentacles at h are all edges and there are an even number of them.
In this case no cactus extension of T can have an edge connecting a node in the body of T at h and the end node of a tentacle
at h. Hence, every cactus extension of T must contain edges that form a perfectmatching on node set S. Construct a complete
graph Q on the node set S and assign cost ce to each edge e in Q . Let M∗ be a minimum cost perfect matching in Q . Delete
all the nodes in S from T and Kn to obtain, respectively, a tree Tˆ and a complete graph Gˆ on node set N − S. Since T has at
least one node of even degree, Tˆ contains a node of even degree and hence it is cactus-extendable in Gˆ. We thus have the
following lemma.
Lemma 9. Let H∗ = (N, E∗) be a minimum cost cactus extension of Tˆ in Gˆ. Then H¯ = (N, E∗ ∪ M∗) is a minimum cost cactus
extension of T in Kn.
Type II reduction: This reduction applies when the tentacles at h are all edges and there are an odd number of them. For each
j ∈ S, construct the complete graph Q j on the node set Sj = S − {j} and assign cost ce to each edge e in Q j. Let M∗j be a
minimum cost perfect matching in Q j. Now delete all nodes in S from Kn and T to obtain a complete graph G0 and a tree
T 0, respectively, on node set N − S. Introduce a new node h1 and connect it to h in T 0 by an edge of cost zero and denote
the resulting tree by Tˆ . Connect h1 to each node i of G0 to obtain the complete graph Gˆ and set the cost of each new edge
e = (h1, i) to be ce = c(M∗γi)+ cγii = min{c(M∗j )+ cji : j = 1, 2, . . . , p}. We call γi the node associated with (h1, i).
Lemma 10. Let Tˆ ∪ R be an optimal cactus extension of Tˆ in Gˆ. Then T ∪ R ∪ M∗jr ∪ {(jr , r)} − {(h1, r)} is an optimal cactus
extension of T in G, where (h1, r) is the unique edge in R incident on h1.
The proof of this lemma can be obtained by appropriate modifications in the proof of Lemma 8.
Type III reduction: This reduction applies when at least one of the tentacles at h is not an edge. The reduction is somewhat
similar to the type II reduction but slightly more involved. Construct a graph Q on the node set S ∪ {h} as follows. For each
pair i, k ∈ S ∪ {h}, i ≠ k if c(βT (i, k)) is finite, then introduce an edge (i, k) in Q with cost c(βT (i, k)). LetM∗ be a minimum
cost matching in Q in which all nodes, except possibly h, are matched. For each j ∈ S, let Q j be the subgraph of Q obtained
by deleting node j and let M∗j be a minimum cost matching in Q j in which all nodes, except possibly h, are matched. Now
delete all nodes of S from Kn and T to obtain the graphs G0 and T 0 respectively. Introduce two new nodes h1 and h2. In
T 0, connect h1 and h2 to h by a path (h2 − h1 − h). In G0, connect h2 to each node i ∈ N − (S ∪ {h}) and assign it cost
c(h2, i) = c(M∗ji + c(βT (ji, i))) = min{c(M∗j )+ c(βT (j, i)) : j ∈ S}; connect h1 to all nodes of N ∪ {h2} − S by edges of cost
∞. Connect h2 to h by an edge (h2, h) of cost c(M∗). This gives us a complete graph Gˆ on the node set N ∪ {h, h1, h2} − S.
Note that Tˆ = T 0 ∪ {(h, h1), (h1, h2)} is a spanning tree of Gˆ.
Lemma 11. Let Tˆ ∪ R be an optimal cactus extension of Tˆ in Gˆ and (h2, π) be the unique edge in R incident on h2. If π = h
then T ∪ {∪(u,v)∈M∗ βT (u, v)} is an optimal cactus extension of T in Kn. If π = r for some r ∈ N − (S ∪ {h}), then
T ∪ {∪(u,v)∈M∗jr βT (u, v)} ∪ βT (jr , r) is an optimal cactus extension of T in Kn, where jr is the node associated with the edge
(h2, r).
The proof of this lemma can be obtained by appropriate modifications to the proof of Lemma 8.
Note that type II reduction is a special case of type III reduction. However, we treated them separately for clarity of the
reduction process. If T is a path or a quasi-star, we can compute theminimumcost cactus extension directly. If not, T contains
at least two head nodes. Choose one of these head nodes and apply recursively reductions of type I, II, or III, as appropriate,
until we reach a quasi-star or a path on which the MCEP is solved directly. From an optimal solution to this problem, an
optimal solution to the original problem can be recovered by backtracking. The algorithm performs at most O(n) reduction
steps and hence it is strongly polynomial.
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The minimum cost cactus extension problem is much simpler when the edge costs satisfy the triangle inequality. In this
case, it may be noted that βT (i, j) could be selected as the edge (i, j). We leave it to the reader to explore how the reduction
scheme is simplified with a reduced overall complexity.
We have shown that the MSCP is NP-hard on a complete graph. However, we have also shown that given a cactus-
extendable spanning tree in a complete graph, its minimum cost cactus extension can be obtained in a strongly polynomial
time; and we have characterized in Theorem 4 cactus-extendable trees of a complete graph. An approximate solution to
the MSCP on Kn can thus be obtained by first finding a minimum cost cactus-extendable spanning tree in Kn and then using
the algorithm above to find a minimum cost cactus extension of it. The polynomial time computational complexity of this
scheme follows from the theorem below.
Theorem 12. A minimum cost cactus-extendable spanning tree in Kn can be identified in strongly polynomial time.
Proof. Compute a minimum cost spanning tree T of G. If T contains a node of even degree, then by Theorem 4 it is cactus-
extendable. Suppose all nodes of T are of odd degree. It is well known that there exists an edge e in T and an edge f not
in T such that T 1 = T − e + f is a second best minimum cost spanning tree of Kn, counting multiplicity (i.e. T 1 could also
be a minimum cost spanning tree, if T is not the unique optimal solution to the minimum cost spanning tree problem). Let
e = (v1, v2). Since all nodes of T are of odd degree, at least one of v1 or v2 will have an even degree in T 1. Thus T 1 is the
desiredminimum cost cactus-extendable spanning tree. Given T , it is not difficult to verify that T 1 can be identified in O(n3)
time. Further, T can be identified in O(n2) time using Prim’s algorithm and the result follows. 
4. Approximations
In this section we present some simple observations regarding the relationship between the MSCP and the TSP.
Palbom [20] observed that the minimum spanning cactus problem on a directed graph is equivalent to the asymmetric
traveling salesman problem and also observed that the two problems have the same approximation hardness whenever the
edge costs satisfy the triangle inequality. Following similar arguments as in [20], it can be shown that this equivalence holds
for the undirected case as well. We note that this equivalence is not a special property of the cactus structure but holds for
a more general class of subgraphs. Let G be a complete, undirected graph with non-negative edge-costs and K be the family
of all Hamiltonian cycles of G. Let F be a family of subgraphs of G satisfying the following properties:
(1) S ∈ F implies S is a connected, Eulerian, spanning subgraph of G.
(2) K ⊆ F.
Consider the optimization problem:
OP : Minimize c(S)
Subject to:
S ∈ F.
Theorem 13. The optimization problems OP and TSP are equivalent and have the same approximation hardness whenever edge-
costs satisfy the triangle inequality.
Proof. Let S∗ be an optimal solution to the OP. Choose an Eulerian tour in S∗, traverse it and whenever a node, that has
already been visited, is visited again, introduce a short-cut by an edge to reach the next unvisited node along the tour. Let
H0 be the Hamiltonian tour in G obtained by this process. By the definition of F,H0 ∈ F. Thus optimality of S∗ implies
c(S∗) ≤ c(H0). (3)
By the triangle inequality, the cost of every edge used to short-cut is no more than that of the path it replaces. Hence,
c(H0) ≤ c(S∗). (4)
From (3) and (4) H0 is also an optimal solution to the OP.
Conversely, suppose H∗ is an optimal solution to the TSP. Then, H∗ is a feasible solution to the OP. But
c(H∗) ≤ c(H0) = c(S∗).
Thus H∗ is an optimal solution to the OP. Hence the TSP and the OP are equivalent from an optimality point of view.
Suppose S∗ is an ϵ-optimal solution to the OP, S¯ is an optimal solution to the OP, and H¯ is an optimal solution to the TSP.
Construct a Hamiltonian tour H0 from S∗ as discussed earlier. Then
c(H0) ≤ c(S∗) ≤ ϵc(S¯) ≤ ϵc(H¯)
and hence H0 is also an ϵ-optimal solution to the OP as well as the TSP.
Suppose H∗ is an ϵ-optimal solution to the TSP. Then
c(H∗) ≤ ϵc(H¯) = ϵc(S¯)
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Fig. 4. A minimum cost extendable spanning tree of G.
and hence H∗ is an ϵ-optimal solution to the OP. Thus the TSP and the OP have the same approximation hardness when G is
a complete graph and edge-costs satisfy the triangle inequality. This completes the proof. 
Several optimization problems satisfying the properties (1) and (2) are listed below. By Theorem 13 each of these
problems is equivalent to the TSP and equivalent to one another and have the same approximation hardness whenever
G is complete and edge-costs satisfy the triangle inequality.
(1) F is the collection of all spanning cactuses of G. The OP in this case is precisely the MSCP.
(2) F is the collection of all spanning cactuses with at most k cycles, for fixed k.
(3) F is the collection spanning cactuses with degree of each node at most k for fixed k.
(4) F is the collection of all biconnected Eulerian spanning subgraphs of G.
(5) F is the collection all spanning subgraphs of G that can be decomposed as T ∪M where T is a spanning tree of G andM
is a matching of odd vertices of T in G− T .
The equivalence discussed in Theorem 13 does not hold if the triangle inequality is replaced by the τ -triangle
inequality [3]. However, these problems are still related in the sense that an ϵ-optimal solution to one is a δ-optimal solution
to the other. We leave it to the reader to verify the relationship between ϵ and δ in this case.
In Section 3 we showed that a minimum cost cactus-extendable spanning tree can be obtained in polynomial time. Also
we gave a polynomial time algorithm to find a minimum cost cactus extension of such a spanning tree. By combining these
steps, we have an approximation algorithm for the MSCP. Let H∗ be the cactus so obtained. When the edge costs satisfy
triangle inequality, it is not difficult to show that H∗ is a 2-optimal solution to the MSCP. We now show that this bound is
tight. Consider the complete graph G generated from the spanning tree T of Fig. 4.
Let n be a multiple of 4. Then G has 3n/2+ 1 nodes. Let the edges of the clique of G spanned by {u1, u2, . . . , uk} have cost
2; the edges (1, 2), (3, 4), . . . , (n − 1, n) have cost 2; the edges in the given spanning tree T have cost one; and let all the
remaining edges have cost 1+ ϵ for an arbitrarily small ϵ > 0. Note that these edge-costs satisfy the triangle inequality. Let
S0 be an optimal solution to the MSCP on G. It can be verified that G contains a Hamiltonian cycle that uses edges of costs 1
and 1+ ϵ only. Thus (3n/2+ 1) ≤ c(S0) ≤ (3n/2+ 1)(1+ ϵ). Let S∗ be a minimum cost cactus extension of T in G. Then
c(S∗) = 3n and
lim
n→∞
3n
(3n/2+ 1)(1+ ϵ) ≤ limn→∞
c(H∗)
c(H0)
≤ lim
n→∞
3n
(3n/2+ 1) .
Thus
lim
n→∞
c(H∗)
c(H0)
= 2 as ϵ → 0.
5. Conclusion
We studied algorithmic and structural properties of a spanning cactus of a graph. In particular, it is shown that verifying
the existence of a spanning cactus in a graph is strongly NP-complete. We then studied the cactus extension problem and
obtained necessary and sufficient conditions for a partial cactus to be cactus-extendable in Kn. For the special case when the
partial cactus is a spanning tree, we give a strongly polynomial algorithm to compute its minimum cost cactus extension
in Kn. As a related question, we show that computing a minimum cost spanning tree with at least one even degree node
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is polynomially bounded. When the edge-costs satisfy the triangle inequality, the minimum spanning cactus problem is
equivalent to the traveling salesman problem and also equivalent to a more general class of problems sharing a special
property.
An interesting related issue not addressed here is the polyhedral structure of the spanning cactus problemand its linkages
to development of exact and approximation algorithms. Also, exploring polynomially solvable special cases of the MSCP are
of interest.
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